In this paper we constructed a helicoidal surface with a light-like axis with prescribed mean curvature or Gauss curvature given by smooth function in 3-dimensional Minkowski space E 3 1 and solved an open problem left by Beneki, Kaimakamis, and Papantoniou in
Introduction
Helicoidal surface is a natural generalization of rotation surface, of which many excellent works have been done such as [4, [6] [7] [8] [9] [10] .
As for helicoidal surface in R 3 , the cases with prescribed mean curvature or Gauss curvature have been studied by C. Baikoussis and T. Koufogioros [2] , and the cases H = constant or K = constant have been solved by Do Carmo and Dajczer [3] . For more details and some nice computer graphics concerning helicoidal surfaces, see [5] .
Beneki, Kaimakamis, and Papantoniou [1] defined four kinds of helicoidal surfaces in 3-dimensional Minkowski space and constructed the first three types of helicoidal surfaces with prescribed mean curvature or Gauss curvature. They left the fourth case, i.e., the helicoidal surface with a light-like axis with prescribed mean curvature or Gauss curvature, as an open problem (except for the cases H and K are some particular functions).
The purpose of this paper is to construct this type of helicoidal surface with prescribed mean curvature or Gauss curvature and so solve this problem. Firstly, we choose a pseudoorthonormal basis as the coordinate frame and define a helicoidal surface with a light-like axis in Section 2. Secondly, by solving two ODEs, we construct a two-parametric family of helicoidal surfaces with a light-like axis with prescribed mean curvature or Gauss curvature in Section 3. Lastly, we reduce the two equations (the ODE's (3.5) and (3.9) in [1] ) to ODE's (3.1) and (3.2) in this paper respectively by a coordinate transformation on the generating curve of the helicoidal surface of type IV in [1] . Hence we solve the open problem completely.
Helicoidal surface with a light-like axis
We denote by E 3 1 the 3-dimensional Minkowski space with Lorentz metric g(x, y) = −x 1 y 1 + x 2 y 2 + x 3 y 3 ,
An orthogonal transformation of E 3 1 is a linear map that preserves the bilinear form g. Let e be a non-zero vector in E 3 1 and O(e) be the set of orthogonal transformations with positive determinants that fix e, and we can easily prove that O(e) is a one-parameter group.
Let e be a light-like vector. We consider a pseudo-orthonormal basis of E 3 1 , i.e., a basis {e 1 , e 2 , e 3 } such that
where λ is a non-zero constant. In such a basis,
Let A be the matrix of an element of O(e) in this basis. Then we have Therefore, A can be written in this basis as
Hence a helicoidal motion around the axis e can be defined as a transformation of E 3 1 :
where h is a non-zero constant.
Let γ : I = (a, b) ⊂ R → P be a curve in a plane P in E 3 1 and denote by L a straight line that does not intersect the curve γ . A helicoidal surface in E 3 1 is defined as a nondegenerate surface that is generated by a helicoidal motion.
Let [O; e 1 , e 2 , e 3 ] be the considered coordinate frame. We can define the helicoidal surface with a light-like axis as follows.
The helicoidal surface S, of which the position vector r has the form
where u > 0 and h is a non-zero constant, is generated by the curve
with the light-like axis e 3 .
We say that a surface in E 3 1 is space-like (respectively time-like) if the discriminant D = EG − F 2 is positive or negative, where E, F, G are coefficients of its first fundamental form.
It can be easily proved that the mean curvature H and the Gauss curvature K of S depend only on the parameter u. Let H (u) (respectively K(u)) be a given smooth function and denote by h a non-zero constant. We will prove that we can construct a two-parametric family of helicoidal surfaces with a light-like axis with prescribed mean curvature H (u) (respectively Gauss curvature K(u)) and pitch h.
Helicoidal surface with a light-like axis with prescribed mean curvature or Gauss curvature
The first fundamental form I , the second fundamental form II of S are
and
where
and the prime denotes derivative with respect to u. By a direct computation, we can see that the mean curvature H and the Gauss curvature K of ( * ) are given by
The solutions of Eq. (3.1)
Let
For u ∈ (0, +∞), from (3.1) we have
The general solution of the differential equation
where c 1 is a constant of integration. Combining (3.3) and (3.5), we have
where For any (u, c 1 ) ∈ I × B, h ∈ R, c 2 ∈ R, and for the given real-valued function H (u) we can define the two-parametric family of curves
Applying a helicoidal motion of pitch h on these curves, we get a two-parametric family of space-like (respectively time-like) helicoidal surfaces with a light-like axis with mean curvature H (u), u ∈ I , and pitch h.
So we have proved the following theorem. 
The solutions of Eq. (3.2)
For u ∈ (0, +∞), from (3.2) we have
where c 1 is a constant of integration. Combining (3.8), (3.10) , we have Applying a helicoidal motion of pitch h on these curves, we get a two-parametric family of space-like (respectively time-like) helicoidal surfaces with a light-like axis with mean curvature K(u), u ∈ I , and pitch h.
where Obviously, any helicoidal surface is a Weingarten surface. For the helicoidal surface with a light-like axis, we get an interesting result.
For any u 0 ∈ (0, +∞), we can find two constants l 1 , l 2 and an open interval I ⊂ (0, +∞) containing u 0 such that
Then from (3.6) and (3.11) we have the following proposition.
Proposition 3.1. For the helicoidal surface with a light-like axis, we have
14)
where H and K are given by (3.13).
Equation (3.14) indicates explicitly the relation between the mean curvature and the Gauss curvature of the helicoidal surface with a light-like axis. Especially when H = c and l 1 = cu 2 0 , we derive K = c 2 = H 2 . Here c is a negative constant. So there exist a helicoidal surface with light-like axis whose mean curvature and Gauss curvature are both constants. Here we present two examples together with their plots.
Example 1.
A space-like helicoidal surface with mean curvature H = −1, Gauss curvature K = 1 (Fig. 1) :
Example 2. A time-like helicoidal surface with mean curvature H = −1, Gauss curvature K = 1 ( Fig. 2) :
Remark 3.1. Dillen and Kühnel [11] have proved that any ruled surface with a null ruling is a Weingarten surface whose mean curvature H and Gauss curvature K satisfy the equation
Here we also show that there exist helicoidal surfaces satisfying the equation 
The solutions of Eqs. (3.5) and (3.9) in [1]
Let {η 1 , η 2 , η 3 } be an orthonormal basis such that
and denote by M a helicoidal surface with the light-like axis η 1 + η 2 with pitch c. The generating curve γ is parametrized in this orthonormal basis as
The parametrization of M is given by
The mean curvature and the Gauss curvature of M are given by
and the prime denotes derivative with respect to u (Eqs. (4.1) and (4.2) are identical with Eqs. (3.5) and (3.9) in [1] , respectively).
On the other hand, we can choose a pseudo-orthonormal basis {e 1 , e 2 , e 3 } such that 
